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Information content in B—VV decays and the angular moments method
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The time-dependenangulardistributionsof decaysof neutralB mesonsinto two vector mesonscontain
information aboutthe lifetimes, massdifferences,strong and weak phasesform factors,and CP violating
quantities A statisticalanalysisof the informationcontentis performedby giving the “information” a quan-
titative meaning It is shownthatfor someparameter®f interest,the informationcontentin time andangular
measurementsombinedmay be ordersof magnitudemore than the information from time measurements
aloneandhenceangularmeasurementarehighly recommendedlhe methodof angularmomentss compared
with the (maximun) likelihood methodto find that it works almostaswell in the region of interestfor the
one-angledistribution. For the completethree-angledistribution, an estimateof possiblestatistical errors
expectedon the observable®f interestis obtained.lt indicatesthat the three-anglaistribution,unraveledby
the method of angularmoments,would be able to nail down many quantitiesof interestand will help in
pointing unambiguouslyto new physics.[S0556-282(199)00307-4

PACSnumbets): 13.25.Hw,11.30.Er

I. INTRODUCTION

Among the availablemethodsfor studyingCP violation,
the decaymodesof B mesondnto two vectormesonspoth
of which decayinto two particleseach,are very promising
mainly becausef the largernumberof observablest one’s
disposalthroughthe angulardistributionsof the decayd1].
A disadvantagef havingalargenumberof observablesnay
bethedifficulty in separatinghemfrom oneanotherbecause
of the correlationsbetweenthem. The method of angular
moments[2,3] helpsin extractingthe observablegrom the
angulardistributionsby using judiciously chosenweighting
functions.From the time evolutionsof theseobservablesit
is then possibleto extractinformation aboutthe lifetimes,
massdifferences strongand weak phasesform factors,and
CP violating quantities.

Here we will concentrateon decays of the type B
—V1(—X1Y1)Va(—X,Y5), whereB is a neutralB meson,
V; andV, arevectormesonsandX,,X,,Y,Y, arethe four
final stateparticles We shallillustratethe techniqueby using
the particular decay Bg— J/(—1717)p(—K"K™). The
otherdecaymodesof the form B— VV might havedifferent
angular distributions,and the method of angularmoments
will need corresponding different weighting functions
(which canalwaysbe found [3]), but the observablesn all
thesedecaymodesarethe same.n addition,Bs— J/ ¢ de-
cay holdsthe promiseof beingableto measurahe lifetimes
of BY and B separatelyand, if this lifetime differenceis
sizable (as estimatedin [4]), the prospectof measuring
CP-violating quantitiesevenwithout tagging[5]. By quan-
tifying the information contentin the datawe canjudgethe
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relative importanceof the measuremendf variouspossible
quantities.The approachwe haveusedto analyzethe infor-

mationcontentmay be usedin modesof decayotherthanthe
onewe haveconsiderechere.

Generallyspeaking,in any experimentthe amountof in-
formation obtaineddependson

(i) what quantitiesarerecorded

(i) what numericalsummarief the recordeddatawere
used

(iii ) the numberof datapoints

(iv) the parametewvaluesgoverningthe outcomeof the
experiment

Sinceonly the first two areunderthe direct control of the
experimentalistyve will addresghosetwo issuesin this pa-
per.We arguethat the expectednformationper observation
availablein the Bs— J/ /¢ decayis substantiallymorewhen
both time and angularinformation are usedinsteadof using
the time information alone. Moreover, we show that the
methodof angularmoments,when usedto summarizeand
estimatethe parametersjs computationallyeasyto imple-
mentand efficient (in the statisticalsensg in extractingin-
formationfrom the data.

In Sec.ll, we give the angulardistribution and the time
evolutionsof the observabledor the decayB,— J/#¢. The
definition of informationin the dataabouta parametewalue
that we will useis standardin the statisticalliterature and
will bedescribedriefly in the Appendix.Sectionlll outlines
why the angularinformationmay be usefulandthenfollows
up with an analytic investigationof the additionalinforma-
tion in the transversityangleover and abovethe time infor-
mation.In Sec.lV, we discussthe efficiency of the method
of angularmomentsby comparingit with the maximumlike-
lihood methodin the caseof the transversityangledistribu-
tion. In Sec.V we carryout a simulationstudyof the method
of angularmomentsfor extractingthe relevantparameters
from the threeangledistribution. SectionVI concludes.
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TABLE I. Time evolutionof the decayBs— J/¢(—1%17)p(—K*K™) of an initially (i.e. att=0) pure

B meson.

Observable Time evolution

|Ao(t)[2 |Ao(0)| e "t~ e " sinAmt) 5]

|A(D)]? |A(0)[ e Tt!—e T sin(Am) 5]

|AL(D)] A, (0)|[e v +e T sinAmt) 6]

REAS (HA(D)] |Ao(0)]|A,(0)|cos,— 8)[e T —e T sin(amt) 5]

Im[AT (DAL ()] |AL(0)[|A, (0)[[e~ " sin(8,— Amt)+ 5(e”H —e T)cos ;) ]
IM[Ag (DAL(D)] |Ao(0)||A, (0)|[e "t sin(s,— Amt)+3(e"Hi—e Y cos(S,) d¢h]

I1. ANGULAR DISTRIBUTIONS AND TIME EVOLUTIONS
OF OBSERVABLES

The most generaldecayamplitudefor B—VV takesthe
form [6,7]

Ao) .1 4L T *T
" 6{*,1 ef,z —A”('[)ef,l ~ef,2 W2

A(By(t)—V1Vy)=
—iA (1) ey X €, Py, V2, (1)

where xzpvl~p\,2/(mvlmv2) and [‘)Vz is the unit vector
alongthe directionof motion of V, in therestframeof V.

Herethe time dependencesriginatefrom B4-B, mixing. In
our notationonly a B, mesonis presentat t=0.

For angles,we will usethe sameconventionsasin Ref.
[7]; i.e., ¢ movesin thex directionin the J/ ¢ restframe,the
z axisis perpendiculato the decayplaneof ¢—K K, and
py(K™)=0. The coordinateq 6,¢) describethe decaydirec-

AT [B(t) = I/ p(— 111 ) p(—KTK )]
d cosfded cosyr *

tion of 1" in the J/ ¢ restframeand ¢ is the anglemadeby
B(K™) with thex axisin the ¢ restframe.With this conven-
tion,

_ P+ —Py(Py Px+)
|pK+_p¢(P¢' Pk+)|’

X=pg, Y Z=XXY,

sinfcose=p;+-X, Sinfsing=p;+-y, COSO=p+-Z.

)

Hereboldfacecharactersepresentnit 3-vectorsandevery-
thing is measuredn the restframeof J/¢. Also

COSY=—Py+- Py 3)

wherethe primed quantitiesare unit vectors measuredn the
restframe of ¢.

With this convention the threeangledistributionis given
by [3.7]

% 2|Ag(t)|? cog (1 —sir? 6 cog @) +sir? yf|A(t)|2(1—sir? g sir? @)

+|AL(1)]?si® 0—Im[AF (1)A, (t)]sin26 sine}

+ %sinzl/f{Re[AZ,‘(t)A(t)]sin2 0sin2¢+Im[AG (t)A, (t)]sin26 cose} |.

The time evolutions of the coefficientsof the angular
termsaregivenin Tablel. HereI'| andI" arethewidths of
thelight andheavyB masseigenstatesB- andB", respec-

tively, andAm is the massdifferencebetweerthem.I is the
averageof I' andI'yy. Here §;=Arg[A] (0)A,(0)] and
8,=Arg[A§(0)A,(0)] are the strong phases,and &¢
~2\27 is relatedto an angle of a (squashegunitarity tri-
angle [8], which is very small in the standard model
(=~0.03). We will denotethe valuesof Ax(0) (where X
e{0,l,L}) simply asAy in the restof the paper.

(4)

The “transversity angle” 6 separateghe CP-evenand
CP-odd decays.If we integrate over the remaining two
anglesandincludethetime dependencexplicitly, the angu-
lar distributionin Eqg. (4) becomes

2
2 2 ~Tt
dcosGdtoc(|A0| +|A)[?)(1+cos H)e

+|A,|?sir? ge Tt (5)

or, in the form of a normalizedprobability distribution,
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3 2o Tt
p(uat|IB1FH1FL):§ﬂFL(1+u e 't

3 .
+ Z(l—,B)lh(l—Uz)ﬁ‘_l HL o (6)

whereu=cos¢ and

1T, AP -t

=s\l+- =777 7
P 2 T A+ AT "
The correspondingalueof g in the By— J/¢K* modeis
measured9,10] to be 0.93+ 0.03; sowith conservativeesti-
matesfor the breakingof flavor SU(3) symmetry,the value

of B is expectedo lie between0.8 and 1.0.

I11. INFORMATION IN THE TRANSVERSITY ANGLE
DISTRIBUTION

By consideringthe casewhenthe time (t) andtransver-
sity angle(6) measurementare available,we will argue,in
this section,that additionalinformation on 6 is substantial

andworth the extraeffort putinto theangulaimeasurements.

In Sec.Ill A we will explainwhat makesthe estimationof

I' —I'y hardandwhy gatheringthe transversityangle data
in additionto time is attractive.In Sec.lll B we will analyze
the information contentanalytically and determinethe nu-

merical magnitudeof the informationgain.

A. Why collect angular information?

If the objectiveis to estimatel’, —I'y;, which is the dif-
ferencebetweenthe reciprocalof meanlifetimes, one may
ask,how is it possiblethat the angulardataare useful?

Let us first considerthe estimationof the parameters
whenwe haveonly time information available.In that case
the distribution of the lifetime (t) is given by

p(t|g.Ty . T)=pTe "'+ (1-B)Tye ", (8
which is a mixture of the two lifetimes. With probability 8
we observethelifetime of a particlewith meanlifetime 11",
and with probability (1— ) we observethe lifetime of a
particlewith lifetime 1/T"y, . The expectatiorof the observed
(mixed) lifetime is B/T" +(1—B)/Ty. Since

B (1-B)
T,

)[,BFL+(1—B)FH]

I, [T.\?

o Vry/:
the derivedparameteBI’ +(1— B8)I"y (which we will later
call 9,) is, to the first order (whenthe I"'s arecloseto each
othep, thereciprocalof the expectedneanobservedifetime.
Thusthe estimationof gI' + (1— 8)I'y whichis a“mean”
parametelis not hard evenif we cannot“guess” the decay
type.

If we knew what type of decayeachtime measurement
was coming from, thenwe could estimatel’, andT',, sepa-

=1-B(1-p) 9
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rately by usingthereciprocalof the samplemeanlifetimes of
the two kinds of decays.We canthen constructan estimate
for ' —T'y . Given enoughobservationof both types,we
can get good estimatesfor the difference of the lifetimes.
However,the identity of the decaytypeis not knownin real
data and statistical procedureshave to, at leastindirectly,
guesst aswell aspossiblefrom the availabledata.Whenthe
two componentlifetimes are widely different, then the ob-
servedlifetime is a goodclue asto the identity of the decay
type. However,when the lifetimes are closeto eachother,
the cluesin the time signaturealoneare not decisive.

If only the transversityangle, 6, is measuredthen the
densityof the datau=cos() is given by

3 2 3 2
p(ulB)= g B(L+U)+ Z(1-B)(1-wd).  (10)

The distribution of the anglesis very dependenbn the type
of the decay;therefore by observingthe anglealoneonecan
havea fair ideaasto whatkind of decayhasheenobserved.
This is why angularinformationis useful,eventhoughit is
not directly aboutlifetimes.

As an illustrative example,considerthe casewhen the
two lifetimes are equally likely, i.e. 8=0.5 (seeFig. 1). If
I', /T =1 and only time measurementare available,then
we haveno way of “guessing” whatkind of decaywe have
observedThis is reflectedin the fact thatthe a priori prob-
ability (the probability beforemakingthe measuremeithat
the decayis of the first type is the sameasthe a posteriori
probability (the probability after making the measuremeint
andequalto 0.5. On the otherhand,if the decaywidths are
dramaticallydifferent, say I', /T’ = 20, thenthe time mea-
surementprovidesa good clue: if the time observationis
very large,thenit is morelikely thatthe decayingparticleis
the one with the smallerdecaywidth, andif the time mea-
surementis very small, thenit is morelikely thatthe decay-
ing particle hasthe largerdecaywidth.

If only angularmeasurementare available,thenwhenu
=cos() is very smallor very large, thereis a higherchance
thatthe particlemeasuredvasof thefirst type becausét has
an angular distribution of 2(1+u?) which implies more
probability for large valuesof |u|. Note that the power to
discriminatebetweenthe two kinds of decayby observing
thetransversityangleis not affectedby theratio of the decay
widths. When we have both time and angularinformation,
we will be ableto benefitfrom the information containedin
bothwhich will be atleastasmuchasthe informationin the
anglealone.

Theheuristicideasabovearegraphicallypresentedn Fig.
1. Thex axiswaschoserto bethe percentileof the observed
data(time or angle,asthe casemay be) so thatwe canplot
the different scenarioson the samescale.Additionally the
plot hasthe desirablepropertythatall pointsalongthe x axis
occur with equal probability for all four scenariosconsid-
ered.(This is becausehe percentileof the observeddatais
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FIG. 1. The ability to guessthe decaytype in four scenarios:
Plots of the posterior probability that a decayis of the first type
(with mean lifetime 1/T")) given only angular information, u
=cos(®) (solid line), only time data,I"y, /T’ =1 (dottedline), only
time data,T', /T" = 1.2 (thin dashedine), only time data, T /T,
=20 (thick dashedine).

just 100 timesthe probability integral transform' of the data
point) Thus we can visually look at the four curvesand
comparehow much they deviate away in either direction
from the line y=0.5to getanideaasto how well the data
predictsthe kind of decay.

The curve correspondingo I', /I", = 1.2 whenonly time
is measureds closer to the line y= 0.5 thanthe curve cor-
respondingto when only angularmeasurementare taken.
This implies that when the decaywidths are close (for ex-
amplewhenthe ratio is 1.2), the informationin the angular
dataaloneis greaterthanthatin thetime dataalone.Only in
extremecasessuchaswhenthe ratio of the decaywidthsis
20, canwe predictwell on the basisof time alone.

PHYSICAL REVIEW D 59 074002

B. Theoretical investigation of information content

In this subsectionwe will considerthe problem of ex-
tractinginformationfrom a mixture of two distributionswith
densityof observation®f the form

P(X|N1,A2,8)=Bgr(X|\1) + (1= B)ga(X[N2).  (11)
The datawith or without angularinformation havethis form
(x denoteghe datafrom a single observatiorand may be a
vectopn. According to the equationabove, the data come
from the distribution g;(x|\,) with probability 8 and from
the distribution g,(x|\,) with probability (1—8). This
setupis moregeneratthanthe onewe have,butit enablewus
to analyzethe phenomenonvith greaterclarity andit is also
applicableto data-collectionscenariosother than B—VV.
FortheB—VV case\;=T"| and\,=T".
Whenonly time informationis available,

x=t, gi(X|\y)=\pexp—\;t),
g2(X|N2) =Np exp(—\ot). (12)
Whenboth time and angularinformation are available,
x=(t,u),
3 2
g1(x|\y Eg(l"‘u JA g exp(—Ajt), (13
3 2
92(X|)\1)Ez(1_u JAz expl—At). (14

When only time information is collected, the functions
01(-) andg,(-) arethe same.Whenboth time andangular
informationarerecordedthey will be different.

The expectedinformation matrix (seethe Appendixy for
the parametera.= (\1,\,,8) canbefoundto be

ﬂzf A%du B(1— ﬂﬁABd,u 3f ACdu

00=| sa-p [ ABax a-p2[Ban (1-p) | Beau (15
ﬁf ACdu (1—3)J BCdu chd#

- [ to.w1an (16

4t X is a continuousrandomvariablewith densityfunction f(x), thenthe function F(x) = [* . f(t)dt=P(X<x) definesthe probability
integraltransform.Thenthe randomvariable F(X) is uniformly distributedover the interval [0,1].
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where  A=g;(x|\1), B=0g5(Xx|\2), C=gi(x|\1)
—g2(x|\2),
BA
v=| (1-8)B],
C

[-,-] denotesuterproductand f du denotesntegrationwith
respectto the measuredx/p(x|\;,\,,08).

I(9)=f [w,w]du

PHYSICAL REVIEW D 59 074002

If we areinterestedn the differenceof thetwo \’s, then
we may be interestedn the following derived parametriza-
tion of the problem:

01 BA1+(1-B)\,
o=\ 02| = A=Ay

03 B

In that casethe information matrix for 6 will be

(17)
f [BA+(1-B)B]%du * *
= * [ 1-p 2fﬂA—B>>2du ] * : (18)
* * f{(xz—m A+ B-( BB Cl&iu
where
BA+(1—p8)B
w= B(1-B)(A—B)

(N2=N)(BA+(1-p)B)+C

The entries marked with an asterisk(*) are important;
they are omittedfor the sakeof brevity sincethe qualitative
featuresof the information matrix are clear without them.
Carefulinspectionof the entriesin the abovematrix in Eq.
(18) revealssomequalitative featuresof the dependencef
the information contentin the dataon the parametewalues.

The informationon 6,=X\;—X\, is low when A=B or if
B(1—B)=0. If g;=g, and A;=\,, then A=B. This is
whathappensvhenwe haveonly time dataandthetwo I''s
are closeto eachother. If A;=\,, but g;#g,, then this
problemdoesnot occur.In fact, if g; andg, arevery differ-
entfunctions,thenevenif \;=\,, we canrecoverinforma-
tion about\ ; — \, from the data.Whenbothtime and angle
dataare collected,the componentdensitiesas in Egs. (13)
and(14) arewell separatec&ndthereis a lot moreinforma-
tion onI'y—TI'| thanwhat would havebeenwith time data
alone.If mostof theobservationgrefrom onecomponenbf
the mixture, the informationon A ;— A\, is small, since 8(1
—B)=0.

Theestimationof gI" + (1— 8)T'y , on the otherhand,is
not affectedmuch by the separatiorof densitiessinceit is a
“mean” parameterasshownin Sec.lll A.

As mentionedin the Appendix, the inverse of the ex-
pectedinformation matrix also gives the approximatevari-
ance matrix of the maximum likelihood estimatesin large
sampleslIf 1(0) is the expectedinformation matrix from a
single sample,nl(6) is the expectedinformation matrix

basedon a sampleof sizen. Hencethe diagonalelementsof
the matrix

V() 1

Ol

= (19

will give us the approximatevariance,V(@i), of the maxi-

mum likelihood estimatesg; (i=1,2,3), in samplesof size
n whenn is large.

Let 6;(t) denotethe maximumlikelihood estimateof 6,

given time data alone and let é,(t,u) denotethe estimate
using both time and angularinformation. By calculatingthe
inversesof the correspondingxpectednformationmatrices,
one can calculatethe ratios

V(1))
V(@i(tu)

for i=1,2,3. Figures2—4 showthe plots of theseratios for
variousvaluesof g andI', /T .

Whereasnostof theinformationabout#, is indeedin the
time measurementas expectedjt canbe seenthat the vari-
anceof the parametera. ; — A, and 8 is ordersof magnitude
higherif we haveonly time informationthanif we hadboth
time and angleinformation. The physicalregion of interest
lies around0.8< B and0.8<T' /T" , wherethe disparityin
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FIG. 2. The ratio of the variancesV(8;(t))/V(8;(u,t)), of the
estimateof 6,=8 +(1-8)T,.

the two valuesof variancess striking. The width of confi-
denceintervalsis proportionalto the standarderror which is
the squareroot of the varianceof the estimator.Since the
varianceof maximum/ikelihood estimatesand the moment
estimatesare inversely proportionalto the numberof data
points,theratio of the numberof datapointsneededo have
confidenceintervalsof a given length, with time dataalone
insteadof time and angledata,is equalto the levels of the
contoursin Figs.2—4. Looking atthe upperright handcorner
of the plot in Fig. 3, we can seethat with the inclusion of
angularinformation,the samplesizesrequiredfor estimation
of I' —I'y to adesiredlevel of accuracywill be smallerby

¥
=3
-
o
-
2/

0.8
|

FIG. 3. The ratio of the variancesV(8;(t))/V(8;(u,t)), of the
estimateof 6,=1 —T'y.
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FIG. 4. The ratio of the variancesV(#;(t))/V(8;(u,t)), of the
estimateof ;= 8.

a factor of at least10 times or even more than 100 times
comparedo thoserequiredwith the time informationalone.

Analysis of the datausingthe angularinformation avail-
ableis, therefore highly recommended.

IV. METHOD OF ANGULAR MOMENTS
FOR EXTRACTING INFORMATION

Becauseof the optimality propertiesthat the maximum
likelihood estimatesenjoy in large samplesthe method of
maximumlikelihood is widely used.Thelikelihood function,
indeed, containsall the information available on the data,
andis the most efficient methodfor summarizingthe infor-
mationon the datawhenthe form of the probabilisticmodel
for the datais known[11]. However, therearesomepractical
limitations to the likelihood method.When the number of
parameterss large,exploringthe likelihood surfaceis prob-
lematic.Findingthe maximumis alsodifficult. In addition,if
propercareis not taken,misleadingresultsmay be obtained
(see,for example,[12], chapteron “Non-Linear Statistical
Methods”), and when there are randomerrorsin the mea-
surementprocessthe likelihood function may not be com-
putable(seeSec.IV C).

We thereforeproposethe method of angularmoments,
which sacrificessomeinformation (as comparedo the like-
lihood function), but can give consistentand reliable esti-
matesof the parametersn a clearway.

In the following section,we will showthatin the caseof
one angledistribution at least,the angularmomentsmethod
is almostas efficient asthe maximumlikelihood method.In
SecslIV B andIV C we will discussthe effectsof imperfec-
tions in the measuremenprocesson both the method of
angularmomentsandthe likelihood method.
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A. Efficiency of the method of angular moments

The methodof angularmomentsis describedin [3]. It
involvesfinding a setof weightingfunctionsw;(u) suchthat,
given an angulardistribution =;b;f;(u), whereu is the vec-
tor of angularvariables,

E(wi(u))=b;, (20)
where E standsfor the expectationvalue. Such a set of
weightingfunctionsalwaysexists[3] if the angulardistribu-
tion is of the form mentionedabove.An estimateof b; is
then

bi= 121 wi(Uj). (21)

The estimateis unbiased,i.e. E(b;)=b;, and its standard
erroris equalto o /\/n, where

a?=f [wi(u)—b;]?f(u)du

[ [ twwrrwan) | [ wwrwa) . @2

The informationin a sampleof sizen, on b;, canbe mea-

suredby the inverseof the varianceof b, andis equalto
n/o?. The information per observation is then 1/0?. To
comparethe angularmomentsmethodwith the likelihood
method we will comparethe information per observation
with thatof the likelihood method,asdefinedin the previous
section.

Let ustakethe exampleof the transversityangledistribu-
tion without any time information. The densityis given by
Eq. (10). We shallseethatin this casethe methodof angular
momentsperformsalmost as well as the maximum likeli-
hood estimatein the region of interestto us.

The information content in the maximal likelihood
methodis asgivenin Eg. (Al). For the methodof angular
moments the densityof u=cos() is

p(u)=(3/8)[B(3u?—1)+2(1—u?)].

The weighting function for 8 may be chosento be w(u)
=5u?—1, so that E(w) =8 and E(w?) = (24/7)8+ (8/7)(1
—B). Theratio

L(Blu)am /1 (Blu)wi

(where AM representshe methodof angularmomentsand
ML representshe maximallikelihood method is plottedin
Fig. 5.

The plot showsthat for 8>0.3, the ratio of variancess
more than 0.9. The expectedvalue of B8 (0.8<5<1.0) is

PHYSICAL REVIEW D 59 074002
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FIG. 5. The ratio of information content about 8 extracted
throughthe angularmomentsmethodand the maximal likelihood
method.The X axisis the actualvalue of g.

0 0.2 04

well within this range.Thus,in the physicalregionof inter-
est,the methodof angularmomentsseemdo performalmost
aswell asthe maximallikelihood fit.

When we move to a higher numberof parametersthe
maximumlikelihood methodwill try to maximizethe multi-
dimensionallikelihood function and the complexity of the
method increasesrapidly with the numberof dimensions.
The dimensionof the parameterspacedoesnot affect the
implementationof angularmomentmethod.Thereforeit is
useful, at the least,as a methodfor providing good initial
estimatesAdditionally, if it is as efficient comparedto the
full likelihood method as the one-anglecase suggests,it
could renderthe maximumlikelihood methodunnecessary.

B. Effect of measurement discretization

Sofar, we haveassumedhatthe dataaremeasuredo the
maximumprecisionavailable.In practice thatis notthe case
andthe dataare usually reportedas the midpoint of the in-
terval in which the measuremenactuallyfell. For example,
if we are measuringa randomvariable X to a precisionh,
that meansthat all observationdalling in the interval (x*
—h/2, x* +h/2] arereportedasx*. Theresultingdiscretiza-
tion of measurementsanleadto a systematiddiasin mea-
surementsbecauseénsteadof recordingthe randomvariable
X, we arerecordingthe derived randomvariableX* with the
probability distribution given by

x* +h/2

P(X*=x*)=J f(x)dx.

x* —h/2

Let us comparethe difference the meansof the true and
derivedrandomvariable,i.e., E(X) andE(X*). It sufficesto
comparetermsof the form

*

x* +h/2 * | X
xf(x)dx and x
x* —h/2 x* —

+hi2
f(x)dx.
12

Now,
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x* +h/2 x* +h/2
f tf(t)dt—x*f f(t)dt
* —h/2 x* —h/2

X

x* +h/2
=f (t—x*)f(t)dt
h/2

x* —

x* +h/2
=J' (t=x*)[f(x*)+(t—x*)f'(x*)

x* —h/2
+O((t—x*)?)]dt

+hi2 h3
'—vf [tF(X*)+t2f" (x*)]dt=f"(x*) —.
h/2 6

Thus,the errorin discretizationis of the orderof the cubeof
the length of the interval length of discretizationif the den-
sity is “well behaved.”If the (effective supportof the dis-
tribution of X is [a,b], andthe precisionis h, thenusinga
crudeboundwe would get

E00-£0c) =22 G o
- = —_ Su X
h 6 S Tl
2
=(b—a)— f’ . 23
( a)G(xf[‘iﬁ,]| (X)I) (23

Theboundhasobviousmodificationswhenthediscretization
is doneover intervalsof varying length.

Thusthe bias due to discretizationis of the order of the
squareof the bin widths. If the bin widths are sufficiently
small, neitherthe momentmethodnor the likelihood method
will be affectedsignificantly.

C. Effect of random error in measurements

Anothersourceof errorin measurementsomesfrom er-
rorsin the measuringnstrumentsSupposehe true variable
we wantto measuréas X, but instead,asa resultof random
error, we measure

Y=X+E,

wherethe error distribution hasdensity fz(-) andis inde-
pendentof X. It is reasonabldo assumethat the random
error hasmean0. Supposits varianceis o2. Then, E(Y)

=E(X), butV(Y)=V(X)+¢Z. In otherwords,the meanof
our measurements unchangedy the randomerror, but the
varianceis increasedThe implication is that the methodof
angularmomentsis unaffectedoy randomerror asfar asthe
estimationgoes. However, the standarderrors of the esti-
mateswill beincreased.

The effect of randomerror on the likelihood methodis
more serious, becauseit relies on the exact mathematical
form of the densityof the observedmeasurementd:or ex-
ample, when we are measuringtime and the transversity
angle,the densityof the datawill no longerbe Eq. (6) but
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3
pwtlprro= [ [ [Faruasue r.

§ — —112ya—I'pt
+7(1=B)Tu(1—ul)e

Xfg(u—u, ,t—t,)du,dt,. (24

In generalthelikelihood functionin the presencef random
noiseis in the form of an integralwith respectto the noise
termswhich may be analyticallyintractableunlessthe distri-
bution of the noisetermis known andis in a simple form.

If the noisetermis believedto be significant,thenit may
be betterto usethe methodof momentsbecauset is robust
to the presenceof additionalrandomnoise.

V. THREE-ANGLE DISTRIBUTION

Given the enormousadditional amount of information
availablein the angulardata® ascomparedo the time data
alone,we expectthat the informationembeddedn the mea-
surementsof the two additional physical angles ¢ and ¢
would be useful in reducingthe uncertaintyon the param-
eterswhich canin principle be measuredy the time and
transversityangledata.Moreover,the additionaltermsavail-
able for measuremenin the threeangle case(seeTablel)
allow us the accesgo additionalparametersThe quantities
AIAg, A, 1A, (both magnitudesand phases Am andthe
CP-violating parameterd¢ needthe measurementf these
two extraangles.The CP asymmetry

(e"Tri—e Tthcog ) 5¢ (25

can be measuredeven without tagging (without knowing
whetherthe initial particle was a B or By) as long aswe
havethis information. Using all the angulardata,therefore,
is highly recommendedHere, we perform some Monte
Carlosimulationsto estimatehow well the aboveparameters
will be knownin the nextfew years.

At the end of Collider Detector at Fermilab (CDF)
run 1l (expected integrated luminosity ~2fb™%), we
should have around 9000 fully reconstructed Bg
—Jp(—1717)p(— K K™) eventq13], whereashis num-
beris expectedo increaseby afactorof atleast15 (justdue
to the integrateduminosity improvemenk with TeV33. Sets
of 10000and100000 eventsweregeneratedyith the accu-
racy in the measurementsf time and anglestaken at At
=0.11"|, and A6#=0.005. The methodof angularmoments
andtime moment$ was usedto recalculateall the input pa-
rameters(with only the data, without any externalinforma-
tion) andhistogramswereplottedfor therecalculategparam-
eters.The simulationsusethe following setof parameters:

2The nth time momentof a quantity Q(t) is defined as T("
= [,dtt"Q(t). Thezerothtime momentis justthetime integrated
quantity.
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FIG. 6. Determinationof I'y; and I, . The X axis has been
normalizedto I'| (actual=1.0.

Al

=0.55, =0.45,

Ao
om
? =10.0, §;,=0.5, §,=2.5.

This choice of parameterds consistentwith the corre-
spondingonesreportedin [10] for B—J/4K* and flavor
SU(3) (exceptfor the lifetime difference. It is seenthat
varying theseparametersloesnot changethe essentiakcon-
clusions.

Figures6—9 showthe resultsof thesesimulations.The Y
axis hasbeennormalizedto getthe “relative frequencyden-
sity,” suchthatthe areaundereachhistogramis equal. The
following observationshouldbe noted.

(i) As canbe seenfrom Fig. 6, the valuesof I'y and I’
are well separatedn the first stage (10000 events itself.
With 100000 events,the differencel’| — ' can be deter-
mined to nearly £0.09°, to more than 95% confidence
level. By virtue of the centrallimit theorem,the methodof
moment estimates is approximately Gaussianin large
samplesThe visual appearancef the histogramss consis-
tentwith this theoreticalproperty.The width of the Gaussian
distributionI', —T" is then (approximately inversely pro-
portionalto B(1—B) (seeSec.lll) and hasa weak depen-
denceon the actualvalueof I' —T'\; aslong asI' —T' is
small, which is the casehere.So the abovequantitativein-
ferencesfrom this histogramshould stay valid evenwith a
smallervalue of I') —I'};. Determinationof 1-I',/I"| to
0.05is thuswithin reach.Eventhe small lifetime difference
predictedrecentlyin [14] may be probedwith this.

(i) The accuracy in the measurementsof |A, /A,
|A, /Aq| is asindicatedin Figs. 7 and 8 respectively.The
predictionsof form factor models[15] can thus be directly
testedhere.
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60

50
I

40
I

relative frequency density
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0.50 0.55 0.60

1Ay Ao

FIG. 7. Determinationof |A;/Ay|. The solid line is for 210000
eventsandthe dashedine is for 100000 events.

(iii) The signs of cos(@,) and cos(,) are importantin
order to resolve a discrete ambiguity in the Cabibbo-
Kobayashi-Maskawé&CKM) angleg, as pointedout recently
[16]. In fact, if 8¢ is small (=~0.03) as predictedby the
standardmodel, thesesigns may be obtainedwithout any
time measurementas follows. With 6¢ neglectedthe time
integratedangularmomentsof the “Im” termsin Table |
give

—|Ax||A | |cog 8+ k)T /sink, (26)
wherex=tan {(I'/Am) andX € {0,l}. Sincesin« is positive,
the sign of thesemomentsimmediately gives the sign of
cos(G+«), andgiven an upperlimit (of ~0.1) on the value
of k, will give the signof cos(8) as long asthe valueof this
moment(26) is not closeto zero. Thus,just the sign of the
angularmomentsof the “Im” termsin Table | would be
sufficientto resolvea discreteambiguityin 8. The relevant

o
o

40
:

20

relative frequency density

10
I

< T T : T E T T T
0.35 0.40 0.45 0.50 0.55 0.60
1A/Aol

FIG. 8. Determinationof |A, /Ay|. The solid line is for 10000
eventsandthe dashedine is for 100000 events.
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FIG. 9. The momentsof the “Im” termsin Eg. (26). mom5is
the valueof —|A||A, |cos@,+ x)T/sin « andmom6is the value of
—|Ag||A, |cos@,+ k)T /sin k.

angularmoments(time integratedl are shownin Fig. 9. The
widths of thesemomenthistogramsdependonly weakly on
the actual parametewvaluesand the plot can be usedas a
guideto estimatethe errorson the valuesof thesemoments
for any otherparametewnalues.

(iv) WhenT'y~T" ,

th(e*FHt—e*FLt)~(FL—FH)/FZ. (27)
0

The ability to measurel'| —T'y;, combinedwith the mea-
surementof the time-integratedCP asymmetryin Eq. (25)
(evenwithout tagging would give a lower boundon §¢. A
high value of 6¢ would be a clearsignalof physicsbeyond
the standardmodel. In the next generationof experiments
(TeV33or LHC), accuratevaluesof §; (i=1,2) will be ob-
tainedand 8¢ canbe pinpointed.

Feasibility studiesfor the measurememf Am/I" andthe
asymmetriesn this decaymodeusingthe angularmoments
methodandweightingfunctionshavebeenmadein [17] for
the CMS detector,which claim that with L~10fb ™!, rea-
sonablesensitivity on the oscillations will be obtainedat
Am/T"<40. The angular momentsmethod has also been
usedfor the analysisof B°—D* ~"p* andB*™—D*% " [18]
andthe error estimation(Tableslll andlV in [18]) indicates
thatthe angularmomentsmethodis almostasefficientasthe
bestfit methodin estimatingthe observablesevenwith the
threeangledistribution.

VI. SUMMARY AND CONCLUSIONS

Using a “reasonable” methodfor quantifying the infor-
mationin the data,we haveshownthatthe informationcon-
tentin the datamay increaseby ordersof magnitudein the
regionof interestif angularinformationis addedto the time
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information.This is true evenif the quantityto be measured,
e.g.thelifetime differencebetweerB’ andB!, hasnodirect
angular dependenceWe have also isolated “averaged”
quantitiesfor which this increaseof information is small,
which meansthat their measurementare not helpedmuch
by the angulardata.

The actualuseof theangulardatainvolvesthe choiceof a
statisticalmethodto summarizehe data.The standardmnaxi-
mum likelihood methodis theoreticallythe “best” whenthe
number of data points is very large. However, when the
numberof parameterso be estimateds large,the numerical
maximization of the likelihood may be difficult, and if
propercareis not taken,misleadingresultsmay be obtained.
Also, if therearerandomerrorsin the measuremergrocess,
then the likelihood function would be an integral that may
not be mathematicallyknown or, if known, not evaluablein
a closedform.

The methodof angularmomentsis very straightforward
to implement,and the connectionsto the parametergo be
determinedare more transparentlt is consistentn the sta-
tistical sensethat, with infinite data,it will nail the param-
etersdown. Unlike the maximum likelihood method,it is
robustunderrandomerrorsof measurementn theoneangle
caseat least, as we have shown explicitly, it is almostas
efficientasthe maximumlikelihood methodin the regionof
interest. Both methodsare subjectto discretizationerrors
which will be smallif the interval of discretizationis small.
We thereforerecommendhe use of the methodof angular
momentsfor extractinginformation, at leastfor the initial
estimatesIf necessarythey can be refinedwith the likeli-
hood method. Even if the maximum likelihood methodis
used,optimizationroutinesrequireconsistenstartingvalues
which canbe providedby the methodof angularmoments.

We haveusedthe angularmomentsmethodon simulated
setsof datato estimatethe accuracyto which it may deter-
mine the quantitiesof interest.In the caseof the decayBg
= P(—=1117)p(—KTK), we find thatin the first stage
of experimentgCDF Il), this methodshouldbe sufficientto
give reliablevaluesof I' —T'y, |A,/Ao| and|A, /Ao]|. This,
combined with the untagged CP asymmetry measured
throughthe samedecay,would give a lower boundfor &¢,
which is expectedto be very small in the standardmodel.
The signsof cos($;) andcos(s,), which areusefulin resolv-
ing a discreteambiguityin the CKM angle 8, canbe deter-
minedin the next stage(TeV33), alongwith more accurate
determinationof &¢, which may point unambiguouslyto
new physics.
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APPENDIX: QUANTIFYING INFORMATION
IN AN EXPERIMENT

The notion of “information” that we have usedin this
paperis derivedfrom statisticaltheory. A goodreferenceis
[11]. Supposean experimentis performedto determinethe
value of the parametera. The (average informationin the
experimento discriminatebetweerdifferent possiblevalues
of the parametewhenthe true value of the parameteis «
is measuredy

(a0 X)== [ T(aop(xlagidx,  (AD
often called the expected Fisherinformation. Here X is the
randomvariabledenotingthe datausedfrom the experiment,
p(x|a) is the probability of X giventhe parametervalue «,

and| (a) =log[p(X|@)] is the logarithmiclikelihood function.

Note the dependencef the expectednformationin the ex-

perimenton the true value of the parameterg, andon the
dataused, X. Both a« and X may be vector valued. This

measureof information possesseshe additivity property;
i.e., if X; andX, denotedatafrom two independenexperi-
mentsaboutthe sameparametersthen

(a0, (X1,X2)) = (a0, X1) +1(ag,Xy).

In particularthisimpliesthatif n independen&ndidentically
distributeddatapoints, X;,X5,...,X,, arecollectedfrom an
experiment,the expectedinformation in the whole experi-
mentis n timesthe expectednformationin oneobservation:

I(ao,(Xl,Xz,...,Xn))=n|(a0,X1).

Additionally, it canbe shownthatfor any estimatorof «, say
&,, basedon a sampleX;,X,,..., X, (the Crame-Rao in-
equality),
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V(a,)= (A2)

(@, (X1, Xz, X)) (g, Xq)’

whereV is the varianceand «&,, is basedon a sampleof size
n. Whenthe samplesizeis large and certainregularity con-
ditions hold, the lower boundin the varianceis achievedby
the maximumlikelihood estimatelt is in this sensethat the
maximumlikelihood estimateis the “best.”

It canalsobe shownthatwhenwe haveindependenand
identically distributeddatapoints, for large samples,

l(a)=1(&)+(a—a)i(&)+(a—a)2(&) (A3)

where & denoteghe maximumlikelihood estimateof «. By
construction] (a) =0 andhence

[(a)=l(&)+(a—&)?l(&). (A4)

In otherwords,the logarithmiclikelihood surfaceis approxi-
mately quadraticandits shapecanbe describedoy the posi-
tion of the maximum (&) andthe curvatureof the logarith-

mic likelihood in the neighborhoodf the maximum[1(&)].
The latter describeshow fastthe logarithmiclikelihood falls

off; the larger the value of (&), the steeperthe fall and
strongeris the evidencein favor of valuesnearthe maxi-

mum. For this reason,/ (&) is also usedas a measureof
information, but sinceit variesfrom sampleto sample,it is
called the observed Fisherinformation. Its averagevalue is
the expected Fisherinformation mentionedabove.

While we have definedthe information for a scalarpa-
rameter,the generalidea can be extendedto vector-valued
parameterswhentherearetwo or more parametersthe ap-
propriate measureof expectedinformation is the expected
information matrix which is the expectedvalue of the Hes-
sianof thelogarithmiclikelihood asin Eq. (A1). See[11] for
detailsand additionalreferences.
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